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» |s there such a notion outside of first-order (e.g. for logics
such as Ly, )7

» One way to formalize this question is to use Shelah's
definition of a good A-frame.

» Roughly, a good A-frame is a nice class of models of size A,
together with a forking-like notion for types of singletons.

» Shelah showed how to build a good frame using GCH-like
set-theoretic assumptions and local model-theoretic
hypotheses.

» We show how to build one in ZFC, paying with more global
(but very natural) model-theoretic hypotheses.



Abstract elementary classes

Definition (Shelah)

Let K be a nonempty class of structures of the same similarity type
L(K), and let < be a partial order on K. (K, <) is an abstract
elementary class (AEC) if it satisfies:

1. K is closed under isomorphism, < respects isomorphisms.

2. If M < N arein K, then M C N.

3. Coherence: If My € M; < M5 are in K and My < M5, then
Mo < Ml.

4. Downward Lowenheim-Skolem axiom: There is a cardinal
LS(K) > |L(K)| + No such that for any N € K and A C |N|,
there exists M < N containing A of size < LS(K) + |A|.

5. Chain axioms: If § is a limit ordinal, (M; : i < ) is a
<-increasing chain in K, then M := U,-<6 M; is in K, and:

51 M; < M forall i < 6.
52 If N € K is such that M; < N for all i < 6, then M < N.
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> The main test question in the study of AECs is the
categoricity conjecture:

Conjecture (Shelah)

For every k there exists a cardinal p = p(k) such that whenever K
is an AEC with LS(K) = x and K is categorical in some cardinal
above u, then K is categorical in all cardinals above p.



Simplifying assumptions

Let K be an AEC.
Definition

» f: M — Nis a (K-)embedding if f : M = f[M] and
f[M] < N. (From now on, every mapping will be assumed to
be an embedding).

» K has no maximal models if for any M € K there exists
N € K so that M < N (i.,e. M < N and M # N).

» K has joint embedding if for any My, M> € K, there exists
NeKandfp: My — N, {=1,2.

» K has amalgamation if for any My, My, Mb € K with
Mo < My, £ =1,2, there exists N € K and f, : My — N so
that A [ Mg = > | M.
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» All these notions can be localized to models of a particular
size.

> If we assume they hold globally, we can build a homogeneous
monster model € in which every model of the AEC embeds.

» Another simplifying assumption is tameness, a weak
compactness property that was first isolated by Grossberg and
VanDieren to prove an approximation to Shelah's categoricity
conjecture.

Definition (Tameness)

Let K be an AEC with amalgamation. K is u-tame if for any

M € K and distinct p, g € S(M) there exists My < M of size < p
such that p [ My # q | M.
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Question (The global approach to AECs)

Work in ZFC, but assume a monster model and maybe some
tameness. What can we say about the AEC?

Question (The local approach to AECs)

Make simplifying assumptions in only a few cardinals. When can
we transfer them up? Can we build a structure theory cardinal by
cardinal?

» This is the approach Shelah adopts in his books on
classification theory for AECs.

» Many proofs have a set-theoretic flavor and rely on GCH-like
principles.

» The key notion there is that of a good A-frame, a local AEC
version of superstability.



Pre-frame

Definition (Shelah)

Let A\ be a cardinal. A pre-\-frame is a triple s = (K, L, S"),
where K is an AEC with A > LS(K), Ky # 0, for all M € K,
Sbs(M) is a set of non-algebraic types, and:

1. L is a relation on quadruples of the form (Mg, My, a, N),
where a € N and Mg < M; < N are all in K),.

2. The following properties hold:
2.1 Invariance: Both J/ and SP® are invariant under isomorphisms.

2.2 Monotonicity: If aJ/ My,
M0<M0<M1<M1<N’<N<N”W|thaEN’and

NI N//
N" € Ky, then a L M] and a.L M;.
Mg Mg

N
2.3 Nonforking types are basic: If a.L M, then
M
tp(a/M; N) € Sb(M).



Good frame

Definition (Shelah)
s = (K, L, S) is a good A-frame if it is a pre-A-frame and:

» K) has amalgamation, joint embedding, and no maximal
models.
Stability: |SPS(M)| < ||M|| for all M € K.
Density of basic types: If M < N are both in K, then there is
a € N such that tp(a/M; N) € SPS(M).

Full existence: If p € SP(M) and N > M, then there exists
q € SP5(N) extending p that does not fork over M.

» Uniqueness: If p,q € S*(N) do not fork over M and
pIM=gq]| M, then p=gq.

v

v

v



» Symmetry: If a; \L Mo, ap € M, and
tp(az/Mo; N) € Sbs(l\/lo) then there is M; containing a; and

N’ > N such that as \L M;.
Mo

» Local character: If § is a limit ordinal, (M; : i < §) is an
increasing chain in Ky with Ms = J;_s M;, and p € Sbs(Ms),
then there exists i < § such that p does not fork over M;.

» Continuity: If 0 is a limit ordinal, (M; : i < ¢) is an increasing
chain in Ky with Ms = J;_s M;, p € S(M;) is so that p [ M;
does not fork over My for all i < §, then p does not fork over
Mo.

We say a good frame is type-full if the basic types are all the
nonalgebraic types (in that case the density of basic types becomes
trivial).
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In ZFC, we can show:

Theorem
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Theorem

Let K be an AEC with a monster model. If K is u-tame and
categorical in a cardinal A with cf(\) > u, then K has a type-full
good (> A)-frame.

The first theorem actually follows from the second (using some
results from Sh:394).
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Proof of the main theorem (sketch)

Theorem

Let K be an AEC with a monster model. If K is p-tame and
categorical in a cardinal A with cf(\) > u, then K has a type-full
good (> A)-frame.

The idea is to start with p-nonsplitting as a candidate for our
nonforking relation, and to refine it until we obtain all the desired
properties. Instead of categoricity, we will assume only:

1. K is stable in i and p-nonsplitting has local character for
<uw-increasing chains (where M <, ,, N iff there exists
(M; € K, : i <w) <univ-increasing continuous with My = M
and M, = N).

2. All models in K) are p"-saturated.

Both follow from the categoricity hypothesis. Even if we do not
assume the second, our nonforking notion will still be well-behaved
for uT-saturated bases.
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So we assume K is an AEC with a monster model, u-tameness,
and:

» K is stable in p and p-nonsplitting has local character for
<uw-increasing chains.
» All models in K are y*-saturated.

1. Say p € S(N) does not pu-fork over M iff there exists
My <univ M such that p does not u-split over Mp.

2. This has some weak versions of the properties we want. We
call the resulting object a skeletal u-frame.

3. Extend the definition of u-forking to models of size > pu. This
gives us more space, so using methods of Shelah and Boney
we can prove all the properties of a good frame hold in K>
(except perhaps symmetry).

4. Symmetry holds as well: If not, we get the order property, and
thus unstability.
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An explicit description of forking

Unpacking our definition of forking, we get:

Proposition
For M < N both in K>y, p € S(N) does not fork over M if and
only if there is My < M in K|, such that p does not p-split over Mp.

Definition (Shelah)

For M < Nin K, M € K,, p € S(N) p-splits over M if there
exists Ny, Nb € K, with M < N, < N, £ =1,2,and h: Ny =y N
such that h(p | N1) # p | No.
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Some corollaries that do not mention frames

Let K be an AEC with a monster model. Assume K is py-tame and
categorical in a cardinal A with cf(\) > p.

Theorem
K has a type-full good (> A)-frame.

Corollary

1. K has a unique limit model in all A’ > X. More precisely, if &
and p are limit ordinals, (M; € Ky, : i <6), (N; € Ky : i < p)
are <ypiy-increasing continuous, then Ms = M, and if in
addition Mg = Np, then Ms =py, N,,.

2. K is stable in all cardinals.
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The stability spectrum in tame AECs

We can be more precise and establish a partial stability spectrum
theorem:

Theorem
Let K be an AEC with a monster model. Assume K is u-tame and
stable in u. Let k be the least regular cardinal such that
p-nonsplitting has local character for <, ,-increasing chains of
cofinality > . The following hold:

1. If Kk = Ng, then K is stable in all A > pu.

2. If GCH holds, then K is stable in all A > u such that A% = \.

Remark
The following were already known:

1. (Shelah) k < pt.
2. (Grossberg-VanDieren) K is stable in all A such that A = A\,
3. (Baldwin-Kueker-VanDieren) K is stable in 7.
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Future work: A nonforking notion for models

Can we extend our forking notion to longer types? For example,
Ms

can we get a nonforking notion My L M,?
Mo

Some known results from each approach:

1. The local approach: Shelah: under some set-theoretic
hypotheses, a good frame can be extended to a nonforking
notion for models.

2. The global approach: Boney-Grossberg: Assume a monster
model, a strong version of tameness, a strong version of
stability, and the existence and extension properties for coheir.
Then coheir is a nonforking notion for models (in a weaker
sense than Shelah's).

Question
Let K be an AEC with a monster model that is tame and totally
categorical. Does K have a nonforking notion for models?



> For further reference, see:
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